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Introduction

Background and Motivation

The ultimate goal of binaural audio with loudspeakers (BAL), also known as transauraliza-
tion (Cooper & Bauck, 1989), is to reproduce, at each of the listener’s eardrums, the sound 
pressure signals recorded on only the ipsilateral channel of a stereo signal. If the stereo signal1 
was encoded with the head-related transfer function (HRTF) of the listener, and includes the 
proper ITD (interaural time difference) and ILD (interaural level difference) cues, then deliver-
ing the signal on each channel of the stereo recording to the ipsilateral ear, and only to that 
ear, would ideally guarantee that the listener’s ear-brain system receives the cues it needs to 
perceive an accurate three-dimensional reproduction of the recorded sound field. Since, with 
playback from two loudspeakers, each of the cues is also heard by the contralateral ear (cross-
talk), accurate 3D audio reproduction through BAL requires an effective cancellation of this 
unintended crosstalk. Without such crosstalk cancellation (XTC), the ITD and ILD cues will 
inevitably be corrupted.

In addition to XTC, effective BAL requires an abatement of sound reflections in the listening 
room, since such reflections directly degrade the integrity of the binaural cues at the listener’s ears 
(Damaske, 1971; Sæbø, 2001). While this problem can be somewhat alleviated through prescrip-
tions that increase the ratio of direct to reflected sound, accurate sound localization through BAL 
has been shown to require XTC levels2 above 20 dB (Parodi & Rubak, 2011b), which are difficult 
to achieve practically even under anechoic conditions (Akeroyd et al., 2007).

Therefore, it would seem that the goal stated in the first paragraph could be more naturally 
reached with binaural audio through headphones (or earphones), as both crosstalk and room 
reflections would be non-existent. However, with headphones or earphones, the location of the 
playback transducers in or very near the ears means that non-idealities (e.g., mismatches between 
the HRTF of the listener and that used to encode the recording, movement of the perceived sound 
image with movement of the listener’s head, lack of bone-conducted sound, transducer induced 
resonances in the ear canal, discomfort, etc.), when above a certain threshold, can lead to dif-
ficulties in perceiving a realistic three-dimensional image and to the perception that the sound (or 
some of its spectral components) is inside, or too close to, the listener’s head (see Chapter 4 and 
Nicol, 2010, for a more thorough discussion of this issue).

Chapter 5
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Binaural playback through loudspeakers is largely immune to this head internalization of 
sound because, even when non-idealities in binaural reproduction are present, the sound origi-
nates far enough from the listener to be perceived to come from outside the head. Furthermore, 
cues such as bone-conducted sound and the involvement of the listener’s own head, torso, and 
pinnae in sound diffraction and reflection during playback (even if it departs from, or interferes 
with, the diffraction-induced coloration represented in the HRTF used to encode the binaural 
recording) could be expected to enhance the perceived realism of sound reproduction relative 
to that achieved with earphones. These potential advantages have, implicitly or explicitly, moti-
vated the development of XTC-enabled BAL since the earliest work on the subject (Atal, Hill & 
Schroeder, 1966; Bauer, 1961; Damaske, 1971 and Chapter 2).

Some applications of BAL, such as immersive virtual reality environments or scientific stud-
ies of spatial hearing, require binaural cues to be transmitted to a listener with a high degree 
of fidelity and reliability. Such transparency and robustness often require anechoic (or semi-
anechoic) environments (or equivalently, high-directivity loudspeakers that abate the prominence 
of reflected sound), individualization of the XTC system for the listener and the playback set-up, 
precise matching of the listener’s HRTF with that used in the recording, and either constraining 
the position of the listener’s head in the area of equalization (the “sweet spot”) (Akeroyd et al., 
2007; Majdak, Masiero & Fels, 2013; Moore, Tew & Nicol, 2010; Parodi & Rubak, 2011b) or 
adding the complexity of a head-tracking system. However, in many less stringent applications, 
modest levels of XTC, even of a few dB over a limited range of frequencies, have the potential to 
significantly enhance the three-dimensional realism of the reproduction of recordings containing 
binaural cues. This is because, by definition, localization cues in a binaural recording represent 
differential interaural information that is intended to be transmitted to the ears with no crosstalk. 
In other words, crosstalk cancellation, at any level, is a reduction of unintended corruption in the 
loudspeaker playback of recordings containing significant binaural cues.

This reduction of unintended corruption through XTC should also apply to the loudspeaker 
playback of most stereo recordings,3 especially those made in real acoustic spaces, and even to 
recordings made using standard stereo microphone techniques without a dummy head, because 
these techniques all rely on preserving in the recording a good measure of the natural ITD and 
ILD cues needed for enhancing the accuracy of spatial localization and the realism of hall rever-
beration during playback (Hugonnet & Walder, 1997). We should therefore expect that effect-
ing even a relatively low level of XTC in the playback of such standard stereo recordings, even 
those lacking HRTF encoding, should enhance image localization compared to playback with 
full crosstalk, as well as the perception of width and depth of the sound field, since these binaural 
features are always, to some degree, corrupted by crosstalk.4

Before addressing the most fundamental challenge in XTC filter design, we list some of the 
practical challenges encountered when implementing an effective XTC-enabled BAL playback 
system and refer to the literature that discusses effective solutions to these practical problems. As 
alluded to above, such XTC systems are typically sensitive to room reflections (Akeroyd et al., 
2007; Damaske, 1971; Sæbø, 2001; Ward, 2001), require the use of specialized playback set-ups 
(Kirkeby, Nelson & Hamada, 1998a, b; Takeuchi & Nelson, 2002, 2007), and necessarily create 
a single restricted sweet spot in which the XTC is effective (Takeuchi, Nelson & Hamada, 2001; 
Ward & Elko, 1999; Xie, 2013, and references therein). Much research effort has been expended 
on how to relieve the latter constraint and has resulted in potential solutions, of varying degrees 
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of practicality, which include widening the sweet spot through the use of multiple loudspeakers 
(Bai, Tung & Lee, 2005; Takeuchi & Nelson, 2002; Yang, Gan & Tan, 2003) and/or elevated 
loudspeakers (Parodi & Rubak, 2010), providing XTC at multiple listening locations through 
the use of multiple loudspeaker pairs (Bauck & Cooper, 1996; Kim, Deille & Nelson, 2006), and 
dynamically moving the sweet spot to follow the location of the listener’s head by tracking it with 
optical sensors (Gardner, 1998; Lentz, 2006; Mannerheim, 2008).

The most fundamental challenge in XTC filter design is dealing with the tonal distortion (spec-
tral coloration)5 that XTC filters inherently impose on the sound emitted by the loudspeakers. As 
we will show in the following sections, the level of tonal distortion depends on the location of the 
sound source in the sound field, and therefore cannot be corrected through equalization, especially 
for audio signals containing more than a single sound source. The basic problem of XTC, the funda-
mental nature of the associated tonal distortion, its main features, its dependencies, and, ultimately, 
the formulation of a method for the practical design of optimal XTC filters that abate such tonal 
distortion with minimal degradation of XTC performance are the main subjects of this chapter.

The Problem of XTC-Induced Tonal Distortion

Nature of the Problem

One main difficulty in implementing XTC is to reduce the artifice of crosstalk without adding an 
artifice of another kind: tonal distortion. Sound waves traveling from two distinct sources to the 
ears set up an interference pattern in the intervening air space. Depending on the frequency, the  
distances between an ear and the loudspeakers, the distance between the loudspeakers, and  
the phase relationship between the left and right components of the recorded stereo signal, the 
wave interference at that ear of the listener might be constructive, destructive, or complementary 
(90° out of phase). At the frequencies for which the interference between in-phase recorded sig-
nals is destructive at the ears (or, alternatively, the frequencies for which the interference between 
out-of-phase signals is constructive), XTC control (i.e., signal processing that would cause the 
waves from the loudspeakers to the contralateral ears to be nulled) would require boosting the 
amplitude of the emitted waves (Takeuchi & Nelson, 2002).6 As shown in the section “Bench-
mark: Perfect Crosstalk Cancellation,” in the case of a perfect XTC filter (defined as one that 
theoretically yields, in a free-field or anechoic environment, an infinite XTC level over the entire 
audio band) for typical listening configurations, these level boosts can easily be in excess of 30 
dB, and therefore amount to severe tonal distortion.

Of course, such a “perfect” XTC filter would impose these necessary level boosts only at the 
loudspeakers in such a way that, at the listener’s ears, not only is the crosstalk cancelled, but the 
frequency spectrum is also reconstructed perfectly, i.e., with no tonal distortion.

As recognized by Takeuchi and Nelson (2002) and P. A. Nelson and Rose (2005), and as fur-
ther discussed in the section “Benchmark: Perfect Crosstalk Cancellation,” the frequencies at 
which the level boosts are required correspond to the frequencies at which the system inversion 
(the mathematical inversion of the system’s transfer matrix, which leads to the XTC filter) is ill 
conditioned. As a result, XTC control becomes highly sensitive to errors at these frequencies, so 
that even a small error in the alignment of the listener’s head in the real world would lead to a 
significant loss of XTC control at and near these frequencies. Therefore, not only would there be 
undesired crosstalk at the listener’s ears at these frequencies, but also and consequently, the level 
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boosts which must necessarily be imposed at these frequencies would be fully audible, even in the 
sweet spot, as coloration (tonal distortion).

Takeuchi and Nelson (2002) show that, even in an ideal world where the loudspeakers–listener 
alignment is perfect, this tonal distortion imposed at the loudspeakers would present three prob-
lems: 1) it would be heard by a listener outside the sweet spot, 2) it would cause a relative increase 
(compared to unprocessed sound playback) in the physical strain on the playback transducers, 
and 3) it would correspond to a loss in dynamic range. Since even professional audio equipment 
is seldom designed to have more than a few dB headroom above the levels required to reproduce 
the full dynamic range of realistic sound pressures (Katz, 2002), in order to avoid clipping in the 
case of the “perfect” XTC filter defined above, the dynamic range of the program would need 
to be decreased by more than 30 dB (minus the headroom). This is particularly problematic, for 
instance, in the case of wide-dynamic-range audio recorded in 16 or 24 bits (see Chapter 2 and 
references to these early efforts in the Bibliography of this chapter).

Previous Work and Goals of This Chapter

The history of crosstalk cancellation extends back to the seminal work of Bauer, Atal, Hill and 
Schroeder in the early 1960s (see references to these early efforts in the Bibliography of this chap-
ter) and has since progressed at a faster rate with the advent of digital audio for which XTC can 
be readily implemented through digital filtering. We shall not attempt to review this history here, 
nor the various methods of implementing XTC (which range from older techniques applied in the 
analog domain (Atal et al., 1966), to time-domain signal manipulation algorithms, such as the 
RACE algorithm (Glasgal, 2007), and FFT-based digital convolution with finite impulse response 
(FIR) filters (SreenivasaRao, Mahalakshmi & VenkataRao, 2012), and instead focus our discus-
sion on the problem of tonal distortion in XTC filters.

Takeuchi and Nelson (2002) have developed a method that not only yields excellent measured 
XTC performance (see also Akeroyd et al., 2007; Takeuchi & Nelson, 2007), but also effectively 
solves the problem of tonal distortion. However, their method, called the “Optimal Source Dis-
tribution” (OSD), which is discussed in the section “Benchmark: Perfect Crosstalk Cancellation,” 
requires the use of a minimum of four (but typically six) transducers positioned at various angles 
around the listener.

The problem of XTC-induced tonal distortion for playback with only two loudspeakers remains 
compelling due to the simplicity of the two-loudspeaker set-up and its compatibility with exist-
ing audio equipment. In this chapter, we study this problem in the context of XTC optimization, 
which we define as the maximization of XTC performance for a desired tolerable level of tonal 
distortion or, equivalently, the minimization of tonal distortion for a desired XTC performance.

The ultimate goal of the discussion in this chapter is to describe the design of “optimal XTC 
filters” (called BACCH filters) that do not suffer from the following drawbacks inherent to regu-
lar XTC filters:

• D1: Severe tonal distortion to the sound heard by the listener, even if that listener is sitting in 
the intended sweet spot.

• D2: Useful XTC levels are reached only at limited frequency ranges of the audio band.
• D3: Severe dynamic range loss when the sound is processed through the XTC filter or proces-

sor (while avoiding distortion and/or clipping).
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In particular, we use a free-field two-point-source model and address, analytically, the fun-
damental aspects of tonal distortion control through both constant-parameter (frequency- 
independent) and frequency-dependent regularization methods. The use of regularization in the 
design of XTC filters was proposed by Kirkeby and colleagues (1998) to make the inversion of 
the system transfer matrix better behaved, and has since seen widespread adoption in the field. 
Specifically, constant-parameter regularization has been employed to control ill-conditioning in 
the design of HRTF-based XTC filters (e.g., Akeroyd et al., 2007; Kirkeby et al., 1998; Majdak 
et al., 2013), and frequency-dependent methods have been employed to tame high- and low-
frequency amplification due to measured-HRTF inversion (e.g., Kirkeby & Nelson, 1999; Moore 
et al., 2010) and to control the temporal extent of the XTC filters (e.g., Parodi & Rubak, 2010, 
2011a). Regarding the issues of tonal distortion and dynamic range loss, Papadopoulos and Nel-
son (2010) used constant-parameter regularization to limit the dynamic range loss inflicted by 
XTC, and Bai et al. (2005) and Bai & Lee (2006a) employed frequency-dependent regularization 
to impose gain limits on the XTC filters.

In the section “Constant-Parameter Regularization,” we show that while the technique of  
constant-parameter (non-frequency-dependent) regularization may alleviate some of drawback 
D3, it inherently introduces spectral artifice of its own (specifically, while reducing the amplitude 
of the spectral peaks in the inverted transfer matrix, constant-parameter regularization results in 
undesirable narrow-band artifacts at higher frequencies and a roll-off at lower frequencies at the 
loudspeakers) and does little to alleviate the other two drawbacks (D1 and D2).

A discussion of the fundamental aspects of frequency-dependent regularization in the section 
“Frequency-Dependent Regularization” will lead us to our ultimate goal: a method for designing 
“optimal XTC filters” called “BACCH filters.” The method relies on calculating the frequency-
dependent regularization parameter (FDRP) that results in a flat amplitude versus frequency 
response at the loudspeakers (as opposed to a flat amplitude versus frequency response at the 
ears of the listener, as in previous design methods), thus forcing XTC to be effected into the phase 
domain only and relieving the XTC filter from the drawbacks of audible tonal distortion and 
dynamic range loss. When the method is used with any effective optimization scheme, it results 
in XTC filters that yield optimal XTC levels over any desired portion of the audio band, impose 
no tonal distortion on the processed sound beyond the tonal distortion inherent in the playback 
hardware and/or loudspeakers, and causes no dynamic range loss. XTC filters designed with this 
method and used in the system are not only optimal but, due to their being free from drawbacks 
D1, D2, and D3, allow for a most natural and spectrally transparent 3D audio reproduction of 
binaural or stereo audio through loudspeakers.

The Fundamental XTC Problem

In this section, we start with the mathematical formulation of the model and the governing trans-
formation matrices. We then define a set of metrics that are useful for evaluating and comparing 
the tonal distortion and performance of XTC filters, and conclude with the definition and discus-
sion of a benchmark for such comparisons: the perfect XTC filter.

Formulation and Transformation Matrices

In order to render the analysis tractable enough so that fundamental insight is more easily 
obtained, we make the idealizing assumptions that sound propagation occurs in a free field (with 
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no diffraction or reflection from the head and pinnae of the listener or any other physical objects), 
and that the loudspeakers radiate like point sources.

In the frequency domain, the air pressure at a free-field point located a distance r from a 
point source (monopole) radiating a sound wave of frequency ω is given by Morse and Ingard 
(1986)

P
q e

r

ikr

( , ) ,r i
i

ω
ωρ

π
=

−
0

4

where ρ0 is the air density, k = 2π/λ = ω/cs the wavenumber, λ the wavelength, cs the speed of sound 
(340.3 m/s), and q the source strength (in units of volume per unit time). It is convenient to define
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which is the time derivative of ρ0q/4π, the mass flow rate of air from the center of the source.
Therefore, at the left ear of a listener in the symmetric two-source geometry shown in  Figure 5.1, 

the air pressure due to the two sources, under the above-stated assumptions, add up as
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Similarly, at the right ear, we have
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Here, l1 and l2 are the path lengths between either source and the ipsilateral and contralateral 
ears, respectively, as shown in that figure.

In order to maintain a connection with the relevant literature, we adopt the same nomencla-
ture used by Kirkeby et al. (1998a, b), Takeuchi and Nelson (2002), and P. A. Nelson and Rose 
(2005). Namely, unless otherwise stated, we use uppercase letters for frequency variables, low-
ercase for time-domain variables, uppercase bold for matrices, and lowercase bold for vectors, 
and define

∆l l l g l l≡ − ≡2 1 1 2/and  (5.3)

as the path length difference and path length ratio, respectively. An inspection of the geometry 
illustrated in Figure 5.1 shows that 0 < g < 1, and that the path lengths can be expressed as
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∆

Figure 5.1 Geometry of the free-field two-point-source model. (All symbols are defined in the text.)

where ∆r is the effective distance between the entrances of the ear canals, and l is the distance 
between either source and the interaural mid-point. As defined in Figure 5.1, 2θ = Θ is the loud-
speaker span. Note that for l ≫ ∆r sin (θ), as in most loudspeaker-based listening set-ups, we have 
g ≃ 1. Another important parameter is the time delay,

τ c

s

l

c
=

∆
,  (5.6)
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defined as the time it takes a sound wave to traverse the path length difference ∆l.
Using the above definitions, Equations (5.1) and (5.2) can be re-written in matrix form as
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In the time domain, α is simply a transmission delay (divided by the constant l1) that does not 
affect the shape of the signal. Its role in ensuring causality is discussed in the section “Met-
rics.” The source vector v = [VL(iω), VR(iω)]T is obtained from the vector of “recorded” signals 
d = [DL(iω), DR(iω)]T, through the transformation

v Hd= , (5.9)

where

H =










H H

H H
LL LR

RL RR

( ) ( )

( ) ( )

i i

i i

ω ω

ω ω
 (5.10)

is the sought 2 × 2 filter matrix. Therefore, from Equation (5.7), we have

p CHd= α ,  (5.11)

where p = [PL(iω), PR(iω)]T is the vector of pressures at the ears, and C is the system’s transfer 
matrix
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which, like all matrices we deal with here, is symmetric due to the symmetry of the geometry.
In summary, the transformation from the signals d, through the filter matrix H, to the source 

variables v, then through wave propagation from the sources to the pressures p at the ears of the 
listener, can be written simply as

p Rd= α ,  (5.13)

where we have introduced the performance matrix, R, defined as
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Metrics

We now wish to define a set of metrics by which to judge the tonal distortion and performance 
of XTC filters. In this context, we note that the diagonal elements of R represent the ipsilateral 
transmission of the signal to the ears, and the off-diagonal elements represent the undesired con-
tralateral transmission, i.e., the crosstalk.

The responses of the system to a signal fed to only one (either left or right) of the two inputs, 
as heard at the ears, are called the “side images” of the system (i.e., either αR·[1,0]T or αR·[0,1]T). 
We define our first coloration metric as the amplitude spectrum (to a factor α) of the side image 
at the ipsilateral ear, given by

E R i R iSi LL RR
( ) | ( ) ( ) |,ω ω ω    ≡ =

where the subscripts “si” and “||” stand for “side image” and “ipsilateral ear (with respect to the 
input signal),” respectively. Similarly, at the contralateral ear to the input signal (subscript “X”), 
we have the following side-image amplitude spectrum:
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The response of the system to a signal split equally between left and right inputs, as heard at 
either ear, is called the “center image” of the system (i.e., αR · [1/2,1/2]T). We define another col-
oration metric as the amplitude spectrum of the center image, given by
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where the subscript “ci” stands for “center image.”
Also of importance to our discussions are the frequency responses that would be measured at 

the sources (loudspeakers). These are denoted by S, and can be obtained from the elements of 
the filter matrix H. They are given using the same subscript convention used above (with “‖” 
and “X” referring to the loudspeakers that are ipsilateral and contralateral to the input signal, 
respectively) by
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An intuitive interpretation of the significance of the above metrics is that a signal panned from a 
single input to both inputs to the system will result in frequency responses going from Esi to Eci at 
the ears, and Ssi to Sci at the loudspeakers.

Two other tonal distortion metrics are the frequency responses of the system to in-phase and 
out-of-phase inputs to the system. These two responses are obtained simply from the product 
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of the filter matrix H with the vectors [1,1]T and [1,−1]T (or [−1,1]T), respectively, and are 
given by:

S H i H i H i H i
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where the subscripts “i” and “o” denote the in-phase and out-of-phase responses, respectively. 
Note that, as defined, Si is double (i.e., 6 dB above) Sci , as the latter describes a signal of amplitude 
1 panned to center (i.e., split equally between L and R inputs), while the former describes two 
signals of amplitude 1 fed in-phase to the two inputs of the system.

Since a real signal can consist of various components having different phase relationships, it is 
more useful to combine Si(ω) and So(ω) into a single metric, Ŝ(ω), which is the envelope spectrum 
that describes the maximum amplitude that could be expected at the loudspeakers, and is given by

S S Si o

^
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It is relevant to note that Ŝ(ω) is equivalent to ‖ H ‖, the 2-norm of H, and that Si and So are the 
two singular values, which can be obtained through singular value decomposition of the matrix, 
as was done by Takeuchi and Nelson (2002).

Finally, an important metric that allows us to evaluate and compare the XTC performance of 
various filters is χ(ω), the crosstalk cancellation spectrum:
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The above definitions give us a total of eight metrics, (Esi‖, EsiX, Eci, Ssi‖, SsiX, Sci, Ŝ, and χ), all real 
functions of frequency, by which to evaluate and compare the tonal distortion and XTC perfor-
mance of XTC filters.

Benchmark: Perfect Crosstalk Cancellation

A perfect crosstalk cancellation (P-XTC) filter is defined as one that, theoretically, yields infinite 
crosstalk cancellation at the ears of the listener, for all frequencies.

Crosstalk cancellation, as defined in the section “Background and Motivation,” requires that 
the pressure at each of the two ears be that which would have resulted from the ipsilateral signal 
alone, namely, in the frequency domain, PL = αDL and PR = αDR, where all quantities are complex 
functions of frequency. Therefore, in order to achieve perfect cancellation of the crosstalk, Equa-
tion (5.13) requires that R = I, where I is the identity matrix, and thus, as per the definition of R 
in Equation (5.14), the P-XTC filter is simply the inverse of the system transfer matrix expressed 
in Equation (5.12), and can be expressed exactly:
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where the superscript “[P]” denotes perfect XTC. For this filter, the eight metrics we defined 
above become:
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χ ω[ ]( ) .P   = ∞  (5.17)

Therefore, the perfect (χ = ∞) XTC filter gives flat frequency responses at the ears (E[P](ω) = con-
stant), but not at the sources. To appreciate the extent of tonal distortion at the loudspeakers, we 
plot the S[P](ω) frequency responses expressed above in Figure 5.2 for a typical value of g = 0.985. 
Throughout this chapter, for the sake of illustration, we complement the non-dimensional plots 
with dimensional calculations, which are represented by the same curves read in terms of the fre-
quency f = ω/2π on the top axis, for a typical listening geometry characterized by g = 0.985 and 
τc = 68 µs (i.e., 3 samples at the “Red Book” CD sampling rate of 44.1 kHz), which would be the 
case, for instance, in a set-up with ∆r = 15 cm, l = 1.6 m, and Θ = 18°.

The peaks in these spectra occur at frequencies for which the system must boost the amplitude 
of the signal at the loudspeakers in order to effect XTC at the ears while compensating for the 
destructive interference at that location. Similarly, minima in the spectra occur when the ampli-
tude must be attenuated.
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Using the first and second derivatives (with respect to ωτc) of the above expressions for the 
various S[P](ω) spectra, we find the following amplitudes and frequencies for the associated peaks 
and minima, denoted by “↑” and “↓” superscripts, respectively:
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Figure 5.2  Perfect XTC filter frequency responses at the loudspeakers: amplitude envelope (heavy 
curve), side image (light solid curve), and central image (light dashed curve). The dotted 
horizontal line marks the envelope ceiling, which for this case (g = 0.985) is 36.5 dB. The 
non-dimensional frequency ωτχ is given on the bottom axis, and the corresponding frequency 
in Hz, shown on the top axis, is to illustrate a particular (typical) case of τc = 3 samples at a 
sampling rate of 44.1 kHz. (Since S

si‖[P] ≃ S
siX

[P] when g ≃ 1, these two spectra are shown as the 
single curve S

siX

[P].)
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with n = 0,1,2,3,4,. . . .

For a typical listening set-up, g ≃ 1, say, our reference g = 0.985 case shown in Figure 5.2, the 
envelope peaks (i.e., Ŝ [P]↑) correspond to a boost of

20
1

1 0 985
36 510 log  dB 

−
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
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=
.

.

(and the peaks in the other spectra, Ssi
[P]↑ ≃ S P

six
[ ] ↑ ≃ Sci

[P]↑ correspond to boosts of about 30.5 dB). 

While these boosts have equal frequency widths across the spectrum, when the spectrum is plot-
ted logarithmically (as is appropriate for human sound perception), the low-frequency boost is 
most prominent in its perceived frequency extent. This “bass boost” has long been recognized as 
an intrinsic problem in XTC (Kirkeby et al., 1998b; Takeuchi & Nelson, 2002). While the high-
frequency peaks could, in principle, be pushed out of the audio range by decreasing τc (which, 
as can be seen from Equations (5.4)–(5.6), is achieved by increasing l and/or decreasing the 
loudspeaker span Θ, as is done in the so-called Stereo Dipole configuration described by Kirkeby, 
Nelson and Hamada (1998a, b), where Θ = 10°), the low-frequency boost of the P-XTC filter 
would remain problematic.

As mentioned in the section “The Problem of XTC-Induced Tonal Distortion,” the severe tonal 
distortion associated with these high-amplitude peaks presents three practical problems: 1) it 
would be heard by a listener outside the sweet spot, 2) it would cause a relative increase (com-
pared to unprocessed sound playback) in the physical strain on the playback transducers, and  
3) it would correspond to a loss in the dynamic range.

These penalties might be a justifiable price to pay if we are guaranteed the infinitely good 
XTC performance (χ = ∞) and the perfectly flat frequency response (E[P](ω) = constant) that the 
perfect XTC filter promises at the ears of a listener in the sweet spot. However, in practice, these 
theoretically promised benefits are unachievable due to the solution’s sensitivity to unavoidable 
errors. This problem can best be appreciated by evaluating the condition number of the transfer 
matrix C.

In matrix inversion problems, the sensitivity of the solution to errors in the system is given by 
the condition number of the matrix. (For a discussion of the condition number in the context of 
XTC system errors, see P. A. Nelson and Rose, 2005.) The condition number κ(C) of the matrix 
C is given by

κ ( ) .[ ]C C C C P    = ⋅ = ⋅−       1 H
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(It is also, equivalently, the ratio of largest to smallest singular values of the matrix.) Therefore, we have
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Using the first and second derivatives of this function, as we did for the previous spectra, we find 
the following maxima and minima:
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with n = 0,1,2,3,4, . . .,

as was also reported by Ward and Elko (1999) and P. A. Nelson and Rose (2005) in terms of wave-
lengths, and by Takeuchi and Nelson (2002) in terms of the wave number. First, we note that the 
maxima and minima in the condition number occur at the same frequencies as those of the ampli-
tude envelope spectrum at the loudspeakers, Ŝ [P]. Second, we note that the minima have a condition 
number of unity (the lowest possible value), which implies that the filter resulting from the inver-
sion of C is most robust (i.e., least sensitive to errors in the transfer matrix) at the non-dimensional 
frequencies ωτc = π/2, 3π/2, 5π/2, . . .. Conversely, the condition number can reach very high values 
(e.g., κ↑(C) = 132.3 for our typical case of g = 0.985) at the non-dimensional frequencies ωτc = 0, π, 
2π, 3π, . . .. As g → 1, the matrix inversion resulting in the P-XTC filter becomes ill conditioned, 
or, in other words, infinitely sensitive to errors. The slightest misalignment, for instance, of the 
listener’s head, would thus result in a severe loss in XTC control at the ears (at and near these fre-
quencies) which, in turn, causes the severe tonal distortion in Ŝ [P](ω) to be transmitted to the ears.

We are now in a position to appreciate the prescription proposed and implemented by Takeuchi 
and Nelson (2002, 2007), which effectively solves both the robustness and tonal distortion prob-
lem of the P-XTC filter by ensuring that the system operates always under conditions where κ(C) 
is small. This can be done by allowing the loudspeaker span to be a function of the frequency. 
More specifically, after noting that typically l ≫ ∆r, so that the approximation ∆l ≃ ∆r sin(θ) 
holds, and therefore ωτc = ω∆l/cs = 2πf∆l/cs can be approximated by
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we can re-write the robustness condition (stated in Equation (5.20)) as
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with n = 0,1,2,3,4, . . .
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Since both cs and ∆r are constant, the required loudspeaker span is solely a function of the fre-
quency f. In practice, this prescription, called Optimal Source Distribution (OSD), can be imple-
mented by using a crossover network to distribute adjacent bands of the audio spectrum to pairs 
of transducers, whose spans are calculated from the above equation so that in each band the 
condition number does not exceed unity by much, thus insuring robustness and low coloration 
over the entire audio spectrum. It is clear, however, that this solution is not applicable to the case 
of a single pair of loudspeakers, which is the focus of our analysis.

We refer the reader interested in the OSD method and XTC errors to Takeuchi and Nelson 
(2002, 2007) and P. A. Nelson and Rose (2005), and sum up the discussion in this section by 
stating that, for the case of only two loudspeakers, the perfect XTC filter carries in practice the 
penalties of over-amplification (and the associated loss of dynamic range) at frequencies where 
system inversion is ill conditioned, transducer fatigue, and a severe tonal distortion that is heard 
by listeners inside and outside the sweet spot.

Constant-Parameter Regularization

Regularization methods allow controlling the norm of the approximate solution of an ill- 
conditioned linear system at the price of some loss in the accuracy of the solution. The control of 
the norm through regularization can be done subject to an optimization prescription, such as the 
minimization of a cost function. Hansen (1998) provides a detailed discussion of regularization 
methods in a general mathematical context, and others (e.g., Bai et al., 2005; Kirkeby & Nelson, 
1999; Majdak et al., 2013; Parodi & Rubak, 2010) have demonstrated the use of regularization 
to control numerical HRTF inversion. We discuss regularization analytically in the context of 
XTC filter optimization, which we define as the maximization of XTC performance for a desired 
tolerable level of tonal distortion or, equivalently, the minimization of tonal distortion for a 
desired minimum XTC performance.

In essence, a nearby solution to the matrix inversion problem is sought:

H C C C[ ] [ ] ,β β= + −H HI 1  (5.22)

where the superscript “H” denotes the conjugate transpose, and β is the regularization parameter 
which essentially causes a departure from H[P], the exact inverse of C. In this section we take β to 
be a constant. The pseudoinverse matrix H[β] is the regularized filter, and the superscript “[β]” is 
used to denote constant-parameter regularization. The regularization stated in Equation (5.22) 
can be shown to correspond to a minimization of a cost function, J(iω), where

J i e i e i v i v iH H( ) ( ) ( ) ( ) ( ),ω ω ω β ω ω  = +  (5.23)

and the vector e represents a performance metric that is a measure of the departure from the 
signal reproduced by the perfect filter (Kirkeby et al., 1998; P. A. Nelson & Elliott, 1993). Physi-
cally, then, the first term in the sum constituting the cost function represents a measure of the 
performance error, and the second term represents an “effort penalty,” which is a measure of the 
power exerted by the loudspeakers. For β > 0, Equation (5.22) leads to an optimum, which cor-
responds to the least-squares minimization of the cost function J(iω).
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Therefore, an increase of the regularization parameter β leads to a minimization of the effort 
penalty at the expense of a larger performance error, and thus to an abatement of the peaks in 
the norm of H, i.e., the coloration peaks in the S(ω) spectra, at the price of a decrease in XTC 
performance at and near the frequencies where the system is ill conditioned.

Frequency Response

Using the explicit form for C given by Equation (5.12), in the last equation above, we find:
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The eight metric spectra we defined in the section “Metrics” become:
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Of course, as β → 0, H[β] → H[P], and it can be verified that the spectra of the perfect XTC filter 
are recovered from the expressions above.

The envelope spectrum, Ŝ [β](ω), is plotted in Figure 5.3 for three values of β. Two features 
can be noted in that plot: 1) increasing the regularization parameter attenuates the peaks in the 
spectrum without affecting the minima, and 2) with increasing β, the spectral maxima split into 
doublet peaks (two closely spaced peaks).

To get a measure of peak attenuation and the conditions for the formation of doublet peaks, 
we take the first and second derivatives of Ŝ [β](ω) with respect to ωτc and find the conditions for 
which the first derivative is nil and the second is negative. These conditions are summarized as 
follows: If β is below a threshold β* defined as

β β    < ≡ −* ,( )g 1 2  (5.29)

the peaks are singlets and occur at the same non-dimensional frequencies as for the envelope 
spectrum peaks of the P-XTC filter (Ŝ [P]↑), and have the following amplitude:
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Figure 5.3  Effects of regularization on the envelope spectrum at the loudspeakers, Sˆ[β](ω), showing peak 
attenuation and formation of doublet peaks as β is increased. (Other parameters are the 
same as for Figure 5.2.)
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If the condition

β β*   ≤  1  (5.30)

is satisfied, the maxima are doublet peaks located at the following non-dimensional frequencies:
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with n = 0,1,2,3,4, . . .,
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which does not depend on g. (The superscripts “↑” and “↑↑” denote singlet and doublet peaks, 
respectively.) The attenuation of peaks in the Ŝ [β] spectrum due to regularization can be obtained 
by dividing the amplitude of the peaks in the P-XTC (i.e., β = 0) spectrum by that of peaks in the 
regularized spectrum. For the case of singlet peaks, the attenuation is
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For the typical case of g = 0.985 illustrated in Figure 5.3, we have β* = 2.25 × 10−4, and for 
β = 0.005 and 0.05, we get doublet peaks that are attenuated (with respect to the peaks in the 
P-XTC spectrum) by 19.5 and 29.5 dB, respectively, as marked on that plot.

Therefore, increasing the regularization parameter above this (typically low) threshold 
causes the maxima in the envelope spectrum to split into doublet peaks shifted by a frequency 
∆(ωτc) = cos−1[(g2−β+1)/2g] to either side of the peaks in the response of the perfect XTC filter. 
(For our illustrative case of g = 0.985, we have β* = 2.25 × 10−4 and ∆(ωτc) ≃ 0.225 for β = 0.05.) 
Due to the logarithmic nature of frequency perception for humans, these doublet peaks are per-
ceived as narrow-band artifacts at high frequencies (i.e., for n = 1,2,3, . . .), but the first doublet 
peak centered at n = 0 is perceived as a wide-band low-frequency roll-off of typically many dB, 
as can be clearly seen in Figure 5.3. Therefore, constant-parameter regularization transforms the 
bass boost of the perfect XTC filter into a bass roll-off.

Since regularization is essentially a deliberate introduction of error into system inversion, we 
should expect both the XTC spectrum and the frequency responses at the ears to suffer (i.e., 
depart from their ideal P-XTC filter levels of ∞ and 0 dB, respectively) with increasing β. The 
effects of constant-parameter regularization on responses at the ears are illustrated in Figure 5.4.
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The black curves in that plot represent the crosstalk cancellation spectra and show that 
XTC control is lost within frequency bands centered around the frequencies where the system 
is ill conditioned (ωτc = nπ with n = 0,1,2,3,4, . . .) and whose frequency extent widens with 
increasing regularization. For example, increasing β to 0.05 limits XTC of 20 dB or higher to 
the frequency ranges marked by black horizontal bars on the top axis of Figure 5.4, with the 
first range extending only from 1.1 to 6.3 kHz and the second and third ranges located above 
8.4 kHz. In many practical applications, such high (20 dB) XTC levels may not be needed or 
achievable (e.g., because of room reflections and/or HRTF mismatch) and the higher values of 
β needed to tame the tonal distortion peaks below a required level at the loudspeakers may be 
tolerated.

The E si

[ ]( )β ω  responses at the ears, shown as the bottom curves in Figure 5.4, depart only by a 
few dB from the corresponding P-XTC (i.e., β = 0) filter response (which is a flat curve at 0 dB). 
More precisely and generally, the maxima and minima of the E si

[ ]( )β ω  spectrum are given by:
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Figure 5.4  Effects of regularization on the crosstalk cancellation spectrum, χ[β](ω) (top two curves), and 
the ipsilateral frequency response at the ear for a side image, Esi

[ ]( )β ω  (bottom two curves). 
The black horizontal bars on the top axis mark the frequency ranges for which an XTC level 
of 20 dB or higher is reached with β = 0.05, and the grey bars represent the same for the 
case of β = 0.005. (Other parameters are the same as for Figure 5.2.)
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For the typical (g = 0.985) example shown in the figure, we have, for β = 0.05, and Esi dB


[ ] .β ↑ = −0 2  

Esi dB


[ ] .β ↑ = −6 1 , showing that even relatively aggressive regularization results in a tonal distortion 

at the ears that is quite modest compared to the tonal distortion the perfect XTC filter imposes 
at the loudspeakers.

In sum, we conclude that, while constant-parameter regularization is effective at reducing the 
amplitude of peaks (including the “bass boost”) in the envelope spectrum at the loudspeakers, it 
typically results in undesirable narrow-band artifacts at higher frequencies and a roll-off of the 
lower frequencies at the loudspeakers. This non-optimal behavior can be avoided if the regu-
larization parameter is allowed to be a function of the frequency, as we shall see in the section 
“Frequency-Dependent Regularization.”

Before we do so, it is insightful to consider the effects of constant-parameter regularization on 
the time-domain response of XTC filters.

Impulse Response

We start by making the substitution z = e2iωτc in Equations (5.25) and (5.26) to get
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The two expressions above have the same quadratic denominator, which can be factored as
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We can then re-write Equations (5.33) and (5.34) as
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Since 0 < g < 1, and β ≥ 0, we see from Equations (5.35) and (5.36) that 0 ≤ a1 < 1 and a2 > 1, and 
therefore | a1z−1| < 1 and a2 > |z|. This allows us to express the terms 1/(1 − a1z−1) and 1/(z − a2) in 
the last two equations as two convergent power series (whose convergence insures that we have 
a stable filter), and thus write the last two equations as
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The filter is now in a form that can be readily transformed into a time-domain filter, h[β], repre-
sented by
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We do so by substituting back e2iωτc for z in Equations (5.39) and (5.40), and taking the inverse 
Fourier transform (IFT) to get
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where the asterisk (*) denotes the convolution operation, and ψ(t) is the IFT of the product of the 
two series appearing in Equations (5.39) and (5.40), and is given by the following convolution of 
two trains of Dirac delta functions:
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We see that the first train evolves forward in time and the second evolves in reverse time.
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The impulse response (IR) represented by Equations (5.42) and (5.43) is plotted in Figure 5.5 
for three values of β.

The IR of the perfect XTC filter is shown in the top panel of that figure and consists of two 
trains of decaying and inter-delayed delta functions of opposite sign. Mathematically, it is the 
special case of β = 0, for which Equations (5.37) and (5.38) simplify to
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from which, through the inverse Fourier transform, we recover the IR of the perfect XTC filter 
derived by Atal et al. (1966):
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where a1 = g2 (obtained by setting β = 0 in Equations (5.35) and (5.36)) is the pole of the filter. We 
see that the perfect XTC IR starts at t = 0 with an amplitude of unity and decays to an amplitude 
a l lm m

1 1 2
2= ( / )  after a time 2mτc.

The physical significance of this impulse response has been discussed by P. Nelson et al. (1997) 
and Kirkeby et al. (1998b) who, along with Atal et al. (1966) before, recognized the recursive nature 
of XTC filters. Briefly, a physical appreciation of the perfect XTC IR can be obtained by considering 
the hypothetical case of a positive pulse whose duration is much smaller than τc, fed into only one 
of the two inputs of the system, say the left input. From Equation (5.9), we see that this pulse, dL(t), 
is emitted from the left loudspeaker as a series of positive pulses dL(t) * hLL(t) (corresponding to the 
filled circles in the top panel of Figure 5.5) and from the right loudspeaker as a series of negative 
pulses dL(t) * hRL(t) (corresponding to the empty circles in the same plot). These two series of pulses 
are delayed by τc with respect to each other so that after the first positive pressure pulse arrives at the 
left ear, it then reaches the right ear with a slightly smaller amplitude but is cancelled there by a nega-
tive pressure pulse of equal amplitude (that was emitted a time l1/cs earlier by the right loudspeaker), 
which in turn is cancelled at the left ear by a positive pressure pulse, and so on. The net result is that 
only the first pulse is heard and only at the left ear, i.e., with no crosstalk.

The effects of regularization on the XTC IR were recognized by Kirkeby et al. (1998), and can 
be gleaned from a comparison of the three panels of Figure 5.5. When β is finite, the IR has a “pre-
echo” (non-causal) part, i.e., it extends in reverse time (t < 0), as shown in Figure 5.5. As can also be 
seen in that figure and inferred from Equation (5.44), the delta functions in the t < 0 and t > 0 parts 
have opposite signs. With increasing regularization, the t < 0 part increases in prominence and the 
IR becomes shorter in temporal extent, which corresponds in the frequency domain to a spectrum 
with abated peaks.
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Figure 5.5  Impulse responses h t h tLL RR

[ ] [ ]( ) ( )β β=  (filled circles) and h t h tLR RL

[ ] [ ]( ) ( )β β=  hRL
[β] (t) (empty circles) 

for three values of β. (g = 0.985, τc = 3 samples)
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Figure 5.6  Envelope spectrum at the loudspeakers, S
ˆ
 (ω), for the case of frequency-dependent regulari-

zation with Γ = 7 dB (thick black curve) and for the corresponding reference case of β = 0.05 
(grey curve). The benchmark case of the perfect XTC filter is also shown (dashed grey 
curve). The vertical dotted lines show the frequency bounds of the resulting seven bands, 
which are numbered consecutively at the top of the plot, and labeled with the corresponding 
branch name at the bottom. (Other parameters are the same as for Figure 5.2.)

Frequency Response

The amplitude envelope of the frequency response at the loudspeakers, given by Equation (5.49), 
was already shown in Figure 5.6. The other optimized metric spectra can be derived as follows:

Y YI
O I[ ] [ ( )]( ) ( ),ω ωβ ω  for Branch I  bands;= –  (5.60)

Y YI
O II[ ] [ ( )]( ) ( ),ω ω

β ω  for Branch II   bands;= –  
 (5.61)

Y YP
O P[ ] [ ]( ) ( ),ω ω  for Branch P bands;= –  (5.62)

where Y(ω) represents any of the eight metric spectra we defined in the section “Metrics,” the 
superscript “[O]” denotes the sought optimized version of that metric spectrum, the subscripts 
“I,” “II,” and “P” denote each of the three branches, and the superscripts “[βI(ω)]” and “[βII(ω)]” 
denote regularization following the formulas for the regularized metric spectra in the section 
“Frequency Response,” but with β taken to be frequency-dependent according to Equations 
(5.52) and (5.53).
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For example, following the above hierarchical prescription, and using Equations (5.28), (5.52), 
(5.53), and (5.17), the optimized crosstalk cancellation spectrum becomes

χ ω
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,O x b x b b x
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=

−
   

 
 (5.63)

χ χω ωP
[ ] [ ]( ) ( ) ,O P= = ∞  (5.64)

where, for compactness, we have used the definitions x ≡ 2g cos(ωτc) and b ≡ g2 + 1, and combined 
both branches into one expression using the double subscripts “I, II” and the double sign (± or ∓) with the top and bottom signs associated with Branches I and II, respectively. Similarly, the 
optimized version of the ipsilateral frequency response at the ear for a side image, Esi(ω), becomes
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These spectra are plotted in Figure 5.7 where it is immediately clear from the χ(ω) curves 
that frequency-dependent regularization yields a significant enhancement of XTC level over that 

Figure 5.7  Crosstalk cancellation spectrum, χ(ω) (black curves), and ipsilateral frequency response at 
the ear for a side image, Esik(ω) (light curves), for the cases of frequency-dependent regu-
larization (solid curves) and β = 0.05 (dashed curves). The frequency ranges for which an 
XTC level of 20 dB or higher is reached are marked on the top axis by black horizontal bars 
for the case of β = β(ω) with Γ = 7 dB. (Other parameters are the same as for Figure 5.2.)
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with the constants c1 and c2 given by
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The impulse responses are valid for values of γ and g that satisfy the condition:
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which is shown graphically as a region plot in Figure 5.A.1 in Appendix A.
The impulse responses for Branch I and Branch II of this optimal filter are shown in Figure 5.8 

for our typical case of g = 0.985 and τc = 3 samples, and, along with the perfect filter IRs shown 
in the top panel of Figure 5.5, completely specify the optimal XTC filter.

Compared to the corresponding (β = 0.05) constant-parameter IRs in the bottom panel of 
Figure 5.5, the optimal XTC IRs shown in Figure 5.8 are more complex in their structure. Fur-
thermore, each IR consists of a train of deltas that are spaced by τc as opposed to the 2τc intervals 
we had for the perfect and constant-parameter filters.

These IRs are difficult to interpret physically because they also include the time response 
associated, in the frequency domain, with frequency bands where the IR is not valid. This is 
illustrated in Appendix B, in the bottom panel of Figure 5.B.1, where the envelope spectrum 
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Figure 5.8  Impulse responses of the optimal XTC filter: hLL
[O](t) = hRR

[O] (t) (filled circles) and h t h tLR

O

RL

O[ ] [ ]( ) ( )=  
(empty circles), for Branch I (top panel) and Branch II (bottom panel). (Γ = 7 dB, g = 0.985, 
and τc = 3 samples, as in Figure 5.2.)
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obtained from the Fourier transform of the Branch-I optimal IR is compared to the expected 
flat envelope spectrum, S O

I
[ ]( )

∧
=ω γ . The agreement is excellent only in the bands belonging to 

the branch for which the IR is intended (which, in the case illustrated in that plot, are the first 
and fifth bands). In other bands, not only is the IR not valid, but, as discussed in the appen-
dices, its application may lead to singularities associated with the divergence of some of the 
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thus leading to even higher spectral fidelity. Conversely, a lower than desired XTC performance 
can be amended by raising Γ.

Once the target XTC performance and coloration level are reached, one proceeds to the time 
domain by calculating the Branch-P IRs from Equations (5.42)–(5.44) (with β = 0), and the Branch-
I and -II IRs from Equations (5.73)–(5.77). The loudspeakers source vector can then be calculated 
according to Equation (5.79), following the prescription given in the text preceding that equation, 
i.e., by appropriately convolving the 3-part IRs with the recorded stereo signal after having passed 
the latter through a multi-band crossover filter whose crossover frequencies are set to the band 
bounds given in Equations (5.55)–(5.58). The convolution operations can be carried out digitally, 
and in real-time if desired, using a digital convolution plugin. (Such software plugins often rely on 
FFT-based algorithms (e.g., Gardner, 1995) for fast convolution and have become readily available 
in the commercial and public domains for use as IR-based reverberation processors.)

Simplified Implementation

An XTC system consisting of the properly configured crossover filter, the three XTC IR matrices, 
and the multiple instances of convolution plugins can be considered as a single filter, having ste-
reo inputs and outputs, which acts as a linear operator. Therefore, once assembled, the filter can 
be “rung” once by a single delta impulse, applied to one of its two inputs, and the recorded stereo 
output would then represent one of the two columns of the 2 × 2 IR matrix of the entire filter. 
Due to the symmetry of the filter, the other column of the IR matrix is obtained by simply flipping 
the two recorded outputs. This results in a single IR matrix, representing the entire three-branch 
multi-band filter, and simplifies any future application of Equation (5.79) to a simpler one (with 
no crossover filtering) in which the summation and indices are foregone.

The Role of Loudspeaker Span

Another important simplification arises in applications where the loudspeaker span, Θ = 2θ, is 
not constrained to a preset value, such as the 60° of the standard stereo triangle, and therefore 
can be a variable in the filter design process. Since τc depends on the loudspeaker span, the bounds 
of the bands can be moved by varying θ. By setting θ equal to a particular value, θ*, the upper 
bound of the second band (which belongs to Branch P) can be made to coincide with a cutoff 
frequency, fc , above which XTC is psychoacoustically not needed. Such a band-limited optimal 
XTC filter has the advantage that it requires only a 2-band crossover filter, and its IR consists of 
only the Branch-I and Branch-P parts, thus leading to significant simplifications in the design and 
implementation of the filter.

To find an expression for θ* as a function of fc , under the typically valid approximations g ≃ 1 
and l ≫ ∆r, we set ωτc equal to the upper bound of the second band (which, from Equation (5.56), 
is π −φ), use Equation (5.21), and solve for θ, to get
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A number of studies have suggested that XTC above a frequency of about 6 kHz is not critical 
or perhaps even necessary (Bai & Lee, 2007; Gardner, 1998; Majdak et al., 2013). Therefore, we 
set fc equal to that value in the above equation, solve for θ*, design the filter for a loudspeaker 
span of 2θ*, use a 2-band crossover filter to separate the first two bands, apply the Branch-I and 
Branch-P parts of the filter to the first and second bands, respectively, and allow the part of the 
audio spectrum above fc to bypass the filter. (Of course, to do so would require an additional 
2-band crossover at fc that precedes the one used to apply the XTC filter.)

It is relevant to mention in the context of loudspeaker span that keeping Θ small offers advan-
tages that have been recognized since Kirkeby et al., (1998b) presented their analysis of the “ste-
reo dipole” configuration, which has a span of only 10°. Objective and subjective evaluations of 
the effects of loudspeaker span in XTC systems have indicated that such a low-Θ configuration 
gives a larger sweet spot than that obtained with larger loudspeaker spans (Bai & Lee, 2006b; 
Parodi & Rubak, 2010; Takeuchi et al., 2001). This effect can be attributed to the relative insen-
sitivity of the path length difference, ∆l, to head movements when the span is small. On the 
other hand, the study by Bai and Lee (2006b) favored larger spans partly because increasing 
the span (while keeping the distance l fixed) lowers the value of g and consequently decreases  
the magnitude of the coloration peaks as well as the condition numbers. We do however expect, 
in light of our study of regularization, that an optimal XTC filter in which regularization is used 
to flatten these peaks and lower the condition numbers, while maintaining good XTC perfor-
mance, should tip the balance in favor of lower values of Θ. The results of the study by Parodi 
and Rubak (2010), in which frequency-dependent regularization was employed subject to a 12 
dB gain-limit on the XTC filters, seem to suggest that this is indeed the case.

Another argument in favor of small loudspeaker spans is particular to the use of analytical fil-
ters based on a free-field model, such as those discussed in this chapter. Since the free-field model 
ignores the presence of the listener’s head, it should be expected that filters based on it perform 
better when the effects of head shadowing are minimized. This situation can be approached by 
decreasing the span angle as can be seen, for instance, in Figure 3.13 of Gardner (1998), where 
the inter-aural transfer function (the ratio of the frequency responses at the two ears) of a typi-
cal human head, measured as a function of the azimuthal position of a sound source, is small  
(about −2 dB) and flat (within 2 dB) for a small horizontal source azimuth (θ = 5°), but increases 
and becomes less flat with increasing azimuths.

An Example

To illustrate the above design guidelines and discussions, we give the example of a listening situa-
tion whose only two design requirements are a distance l = 1.6 m and a maximum coloration level 
of Γ = 7 dB. From Equation (5.80), with fc ≃ 6 kHz, and ∆r = 15 cm,7 we get θ = 9°, which we 
take as half the loudspeaker span. From Equations (5.3)–(5.6), we then find g = 0.985 and τc = 3 
samples at a sampling rate of 44.1 kHz. These are precisely the dimensional and non-dimensional 
parameters chosen for the calculations that are illustrated in the plots throughout this chapter. 
The Branch-P and Branch-I IRs are therefore given by those shown in the top panels of Figure 5.5 
and Figure 5.8, respectively. The Branch-II IR is not needed as the XTC filter is limited to 6 kHz, 
which, by design, was made to be the upper bound of the second band (Branch P). The spectra 
associated with this filter are given by the solid curves in Figure 5.6 and Figure 5.7, with the 
dimensional frequency read off the top axes of the plots, up to the cutoff frequency of 6 kHz. In 
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particular, we note that the XTC performance (top curve in Figure 5.7) exceeds 20 dB for a wide 
range of frequencies that extends from the 6 kHz cutoff down to 850 Hz, then drops off with 
decreasing frequency, reaching 5 dB at 290 Hz.

Individualized BACCH Filters

The BACCH Filter Design Method

Individualizing the BACCH filter to include the particular characteristics of the loudspeakers and 
the HRTF of the listener can lead to a significant enhancement of the realism of the 3D spatial 
imaging of binaural audio through loudspeakers.

We now describe the steps (shown schematically in Figure 5.9) of the technique (Choueiri, 
2015) for designing such BACCH filters starting from the measured transfer function of a real 
listener in front of a pair of real loudspeakers.

• The starting point is a 2 × 2 impulse response measurement of the two loudspeakers using a 
binaural microphone in the ears of the listener. Such a measurement can be obtained through 
standard IR deconvolution using, for instance, the exponential sine-sweep technique (Farina, 
2000, 2007). Each of the 4 impulse responses of this transfer function is FFTed to obtain 
the system’s measured transfer matrix in the frequency domain (i.e., matrix C as in Equation 
(5.12)).

• In Step 1, the system’s measured transfer matrix C is inverted numerically, using zero or a 
very small constant regularization parameter (large enough to avoid machine inversion prob-
lems) to obtain the corresponding perfect XTC filter, H[P].

• In Step 2, the amplitude vs frequency response at the loudspeaker Ŝ [P] is calculated and its 
lowest value (in dB) is taken to be Γ*, then γ* = 10Γ*/20 is calculated.

• In Step 3, the frequency-dependent regularization parameter (FDRP), β(ω), that would result 
in a flat frequency response at the loudspeakers is calculated, so that Ŝ [β](ω) = constant ≤ γ*, 
thus forcing XTC to be caused by phase effects only.

• In Step 4, the FDRP thus obtained, β(ω), is used to calculate the pseudoinverse of the system’s 
transfer matrix (e.g., according to Equation (5.22)), which yields the sought regularized opti-
mal XTC filter H[β] that has a flat frequency response at the loudspeakers. Finally, if needed 
for applying the resulting filter through a time-base convolution, as is often done in practical 
XTC implementation, a time domain version (impulse response) of the filter is obtained in 
the final step by simply taking the inverse Fourier transform of H[β].

It should be noted that in Step 3, if the FDRP is calculated so that Ŝ [β](ω) = constant ≤ γ*, the 
spectral flattening occurs for a side image (i.e., a sound panned to either channel and thus would 
be perceived by a listener to be located at or near the ipsilateral ear when the XTC level is suf-
ficiently high). However, the same method can be used to flatten the response at the loudspeakers 
for an image that is not a pure side image by simply requiring that S[β](ω) = constant ≤ γ*, where 
S[β](ω) is the XTC filter’s frequency response for an image of source panned anywhere between 
the left and right channels. For instance, to flatten for a central image, we set Sci

[ ]( )β ω  (given, for 
instance, by the equation preceding Equation (5.27)) to a constant ≤ γ*, and proceed with the 
steps of the method as outlined above. In this context it is relevant to mention that for some 
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Figure 5.9 Flow chart illustrating the method for designing optimal XTC (i.e., BACCH) filters.
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applications, for instance, pop music recording where the lead vocal audio is panned dead center, 
it might be desirable to flatten the response for a center image, i.e., Sci

[β](ω), (or an image of any 
other desired panning) in order to avoid coloration of that image. It should also be noted in that 
context that since Ŝ [β](ω) ≥ S[β](ω), only flattening the side image (i.e., setting S[β](ω) = constant ≤ 
γ*) would result in no dynamic range loss. In other words, flattening for anything but the side 
image would incur a dynamic range loss that must be balanced by the benefit of a reduced tonal 
distortion for the desired panned image. For instance, for binaural recordings of real acoustic 
sound fields, which typically contain no dead-center panned images, flattening of the side image 
is advisable as it incurs no dynamic range loss.

Example Using a Measured Transfer Function

To illustrate the method described in the previous subsection, we give an example based on the 
transfer function of two loudspeakers in a room measured by microphones placed at the ear canal 
entrances of a dummy head (Neumann KU-100). The loudspeakers had a span of 60° at the lis-
tening position, which was about 2.5 m from each loudspeaker.

Figure 5.10 shows the four (windowed) measured impulse responses (IR) representing the 
transfer function in the time domain, and Figure 5.11 shows the spectra associated with the 
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Figure 5.10  Four (windowed) measured impulse responses (IR) representing the transfer function in the 
time domain. The x-axis of each plot in that figure is time in ms, and the y-axis is the normal-
ized amplitude of the measured signal. The top left plot shows the IR of the left loudspeaker 
measured at the left ear of the dummy head, and the bottom left plot shows the IR of the 
left loudspeaker measured at the right ear of the dummy head. The top right plot is the IR 
of the right speaker–left ear transfer function and the bottom plot is the IR of the right 
speaker–right ear transfer function.
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Figure 5.11  Measured spectra associated with the perfect XTC filter for the measured transfer func-
tion shown in Figure 5.10. The four curves represent: (a) the frequency response at the left 
(ipsilateral) ear; (b) the frequency response CLL that corresponds to the left speaker–left 
ear transfer function; and (c) the frequency response measured at the right (contralateral) 
ear, EsiX.

perfect XTC filter. The (b) curve in Figure 5.11 is the frequency response CLL that corresponds 
to the left speaker-left ear transfer function in the frequency domain obtained by panning the 
test sound completely to the left channel. The ripples in that curve above 5 kHz are due to the 
HRTF of the head and the left ear pinna. The other curves in Figure 5.11 are the measured 
frequency responses associated with the perfect XTC filter, that is, an XTC filter obtained by 
inverting the transfer function with essentially no regularization (β = 10−5). In particular, the 
(d) curve is the response at the left loudspeaker, Ŝ [β](ω), and shows a dynamic range loss of 
31.45 dB (difference between the maximum and minimum in that curve). The (a) curve is the 
frequency response at the left (ipsilateral) ear, Esi, which, as expected from a perfect XTC filter, 
is essentially flat over the entire audio band. The faint grey curve labeled (c) is the correspond-
ing frequency response measured at the right (contralateral) ear, Esix, and shows significant 
attenuation with respect to the (c) curve due to XTC. The difference in amplitude between the  
(a) curve and (c) red curve, linearly averaged over frequencies, is the average XTC level, which 
for this case is 21.3 dB.

We contrast these curves with those curves in Figure 5.12, which shows the responses due to a 
filter designed in accordance with the BACCH filter design method.

By design, the curve labeled (d) in that plot, representing Ŝ [β](ω) ≥ S[β](ω), the response at the 
left loudspeaker, is completely flat over the entire audio spectrum. Consequently, the frequency 
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Figure 5.12  Measured spectra associated with the optimal XTC (BACCH) filter for the measured trans-
fer function shown in Figure 5.10. The curves represent the frequency responses defined in 
the caption of Figure 5.11.

response at the left ear, curve (a), matches very well the corresponding measured system transfer 
function, CLL, curve (b). Since Ŝ [β](ω) ≥ S[β](ω) is flat, there is no dynamic range loss associated 
with this filter. The average XTC level for this filter (obtained by taking the linear average of the 
difference between the (a) and (c) curves) is 19.54 dB, which is only 1.76 dB lower than the XTC 
level obtained with the perfect filter, testifying to the optimal nature of the regularized filter.

In sum, the filter designed with the method described above imposes no audible coloration to 
the sound of the playback system, has no dynamic range loss, and yields an XTC level that is 
essentially the same as that of a perfect XTC filter.

Conclusions

Three-dimensional reproduction of binaural audio with two loudspeakers requires cancellation 
of the crosstalk between the loudspeakers and the contralateral ears of the listener. A perfect XTC 
filter (i.e., one with infinite crosstalk cancellation) can be easily designed but causes severe tonal 
distortion to the sound emitted by the loudspeakers due to the ill-conditioned inversion of the 
system’s transfer function.

The coloration produced by the perfect XTC filter consists of peaks in the frequency spectrum 
that can typically exceed 30 dB and thus strain the playback transducers and significantly reduce 
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the dynamic range of the playback system. Furthermore, the coloration is heard throughout the 
listening space and, due to extreme sensitivity to errors in the system, it is also heard by the lis-
tener in the sweet spot.

Using a free-field two-point-source model, we showed that constant-parameter regularization, 
which has been used previously to design HRTF-based XTC systems, can lower these peaks, but 
also produces a bass roll-off and high-frequency artifacts in the filter’s frequency response. Fur-
thermore, we demonstrated that constant-parameter regularization does not lead to the optimiza-
tion of XTC filters across all frequencies, but rather only at discrete, widely spaced frequencies.

Full optimization can be achieved through frequency-dependent regularization and requires 
the audio spectrum to be divided into a hierarchical set of adjacent frequency bands, each of 
which belongs to one of three solution branches that make up the complete optimal filter. We 
derived analytical expressions for the three branches of the filter in terms of series expansions, 
which we showed are convergent for typical listening situations. The corresponding impulse 
responses were then obtained analytically and expressed as convolutions of trains of Dirac deltas.

The analytical XTC filters we derived under the simplifying assumptions of a free-field model 
can be useful in practical situations where individualized HRTF-based XTC filters are either too 
cumbersome to implement or not needed to attain the XTC levels required for enhancing the 
spatial fidelity of playback in reflective environments. We described a strategy for designing such 
optimal filters that meets practical design requirements and we gave an illustrative example for a 
typical listening configuration.

We concluded with a discussion of a method for designing optimal individualized (HRTF-
based) XTC filters (BACCH filters) that impose no audible coloration to the sound of the play-
back system, have no dynamic range loss, and yield the high XTC level attainable from a perfect 
XTC filter.

Notes

1 Throughout this chapter, the words “recording” and “signal” are used interchangeably and are meant to 
also represent a live feed, or the HRTF-encoded signal for the artificial placement of sounds in a virtual 
acoustic space.

2 Throughout this chapter, the word “level” is meant to represent, generally, a frequency-dependent 
amplitude.

3 An exception could be made for recordings in which the specific placement of sound images was made 
with full accounting for crosstalk during playback, e.g., the case of stereo sound fields constructed with 
pan-potted mono images and monitored over loudspeakers, common in popular music recording.

4 While it has been shown that reliable discrimination of frontal and rear images requires highly controlled 
playback and individualized XTC systems (Majdak et al., 2013), the larger portion of the direct sound 
content in acoustic recordings, e.g., performed music, is of frontal origin and, with playback through 
frontal loudspeakers at modest levels of XTC, is largely immune to such localization confusion.

5 We use the terms “spectral coloration” and “tonal distortion” interchangeably.
6 On the other hand, at and near the frequencies for which the interference between in-phase (or out-of-

phase) signals is complementary at the ears, XTC control requires slight attenuation instead of boosting 
(and implies a dynamic range gain, instead of loss). As shown by Takeuchi and Nelson (2002) and P. A. 
Nelson and Rose (2005), and as is reviewed in the section “Benchmark: Perfect Crosstalk Cancellation,” 
these attenuations are not problematic as they correspond to frequencies where XTC control is most 
robust.
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7 This value for the effective inter-ear separation, ∆r = 15 cm, is justified by the relatively small loud-
speaker span, following the guidelines of Takeuchi and Nelson (2002), who reported that good correla-
tion between the peak frequencies in the data calculated using a free-field model, and those measured with 
the KEMAR dummy head, can be obtained by taking an effective ∆r ≃ 13 cm for low values of θ, and  
∆r ≃ 25 cm for large source azimuths. The larger value, which is much larger than the minimum distance 
between the entrances of the ear canals of the dummy head, reflects the effects of diffraction around the 
head.
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Derivation of the Optimal XTC Filter

Here we carry out the derivation of Equations (5.73)–(5.75) following the approach outlined in 

the section “Impulse Response.”

We start by factoring the expressions appearing in Equations (5.69) and (5.70), which, we 

note, have the same denominator, into the following products of terms:

H i H iLL
O

RR
O

I,II I,II

0 1 a

[ ] [ ]( ) ( )

( ) ,

ω ω

γ

=

= +ψ ψ ψ  (A1)

H i H i

g e

LR
O

LR
O

i c

I,II I,II

0 1 a

[ ] [ ]( ) ( )

( ) ,

ω ω

γ ωτ

=

= +ψ ψ ψ  (A2)

where

ψ0
2 2 21= ± − + γ ωτx g e i c( ) ,  (A3)

ψ2
2 1= +g x ,  (A4)

ψ a

g x x g x
=

+ ± +

1

1 2 12 2( )
.

 γ
 (A5)

The term Ψa can be factored as
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In the time domain, the filter expressed by Equations (A1) and (A2) becomes:
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where

ψ ψ ψ ψ ψ ψ ψ ψa c c= ± ∗ ± ∗ ∗ ∗   ( ) ( ) ( ) ( ).2 3 1 4 5 6 1 6 2  (A15)

The ψi terms are functions of time, and are the IFTs of the Ψi terms, which are functions of 
frequency.

We now seek the IFT of each of the Ψi terms given above.

• Ψ0: The IFT of the expression in Equation (A3) can be readily found by substituting back 2g 
cos(ωτc) for x and carrying out the IFT integration:
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• Ψ1: Making the substitution b ≡ g2 + 1 in Equation (A4), we get

ψ1 = b x ,  (A17)



Binaural Audio Through Loudspeakers 171

which can be expressed as the series expansion
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where we have used the binomial coefficient
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Since 0 < g < 1, we have |x| = 2g|cos(ωτc)| < g2 + 1 = b, and the series in Equation (A18) always 
converges. However, as g → 1, b → 2, and when ωτc → 2nπ with n = 0,1,2,3,4, . . ., x → b and 
the series converges slowly. Replacing x and b by their explicit values, we get
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Since cosm(ωτc) can be written as the finite sum
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and since the IFT of e−i(2k−m)ωτc is
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•  Ψ2: Explicitly, Equation (A6) is
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Furthermore, we note that since
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the arguments of the inverse cosine function in Equation (5.59) obeys the condition:
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which leads us to write
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In light of this expression and Equation (5.55), we conclude that the conditions for the validity 
of Equation (A22) are always satisfied in Branch-I bands.

Similarly, we find that sec(ωτc) can be expressed as − −1 1 2sin ( )ωτ c  for conditions that are 
always satisfied for Branch-II bands. Therefore, we can write
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for which we wish to use the expansion
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However, this series converges only for |u| < 1. For our particular case, u = sin2(ωτc) and the series 
diverges at ωτc = (2n+1)π/2, with n = 0,1,2,3,4, . . . . From the band division conditions in Equa-
tions (5.55) and (5.57) we see that these values of ωτc are always outside Branch-I and Branch-II 
bands; therefore, the convergence of the series is assured and this allows us to express Equation 
(A26) as
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Since sin2m(ωτc) can be written as the finite sum
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and g), we first set y(c) = + 1 and y(c) = − 1, and solve for η+(c) and η−(c), respectively, to find, for 
Branch-I bands,
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and, for Branch-II bands,
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where, for compactness, we have used the function f(g,γ) defined as

f g g( ) ( ), .γ γ    ≡ + +16 1 12 2

Using these four explicit expressions, along with the definition of φ given by Equation (5.59), 
we find that the inequalities in Equations (A44) and (A47) lead to the same explicit convergence 
condition:
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and the inequalities in Equations (A45) and (A46) lead to
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Since both of these inequalities need to be satisfied, and since the latter condition is more strin-
gent than the former, we must satisfy the latter. We can finally state the condition for σ(c) to 
converge both in Branch-I and in Branch-II bands explicitly in terms of g and γ:
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This convergence condition is illustrated in the region plot of Figure 5.A.1, where the black-
shaded region denotes the values of g and γ for which the convergence condition is violated. It is 
clear that this restriction only slightly limits the range of allowable γ and g, and is not relevant to 
real listening geometries, where g ≃ 1.
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Aside from the series convergence condition above, γ must satisfy the general condition given 
by Equation (5.51) (whose region of violation is shaded in grey in Figure 5.A.1). Therefore, we 
combine both conditions in the following expression:

max , ,
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where the first argument of the max function comes from setting the left-hand side of the conver-
gence condition in Equation (A54) to 1, and solving for γ.

Now that we have found the convergence condition for the series in Equation (A38), we can 
express Ψ6 as that series and proceed to find its IFT. Replacing y and x in that series by their 
explicit values, we write

Figure 5.A.1  Region plot showing the allowed values for g and γ (white). The black-shaded region is 
where the series convergence condition in Equation (A54) is not satisfied, and the grey-
shaded region is where the general condition in Equation (5.51) is violated.
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The secp(ωτc) term can be expanded in a convergent series of the same form as the series in 
Equation (A28), but with the fraction –1/2 inside the binomial coefficient replaced by –p/2, and 
this leads to:
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Finally, recalling the finite sum in Equation (A29), and the associated IFT in Equation (A30), 
we arrive at the sought expression for the IFT of Ψ6(c):
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The complete impulse response of the optimal XTC filter is assembled according to Equations 
(A13)–(A15), and is valid under the condition stated in Equation (A55).



Numerical Verification

The optimal XTC IRs derived in the previous appendix were evaluated for the typical case 
of g = 0.985 and Γ = 7 dB, and plotted in Figure 5.8. To verify the validity of the IRs and 
assess the effect of the number of terms in the series expansions, we calculated their Fourier 
transforms and compared the resulting spectra to those obtained from the frequency-domain 
expressions of the section “Frequency Response.” An example is shown in Figure 5.B.1 for 
the Branch-I part of the XTC spectrum (top panel) and that of the envelope spectrum (bottom 
panel).

We found that excellent agreement (within a few tenths of a dB) over all frequencies does not 
require taking more than the first few (5–10) terms of the infinite series in the expressions for all 
the ψ functions constituting the IRs, with the exception of ψ1 and ψ3, which, due to their slow 
convergence at and near the frequencies ωτc = 2nπ with n = 0, 1, 2, 3, 4, . . ., require taking a 
larger number of terms. Approximating the infinite series in the expressions for ψ1 and ψ3 by 
a sum having a finite number of terms causes departures from the correct amplitude spectra at 
and near these frequencies. Due to the logarithmic frequency scale, the n = 0 departure appears 
as a slight bass roll-off in the first band (seen as the first dot in the first Branch-I band in the 
bottom panel of Figure 5.B.1), and the n ≥ 1 departures appear as narrow-band spikes (such 
as the one appearing as three vertical dots in the fifth band in the same plot). Increasing the 
number of terms in the series above 1,000 reduces the amplitude of the bass roll-off and pushes 
it into the subwoofer frequency range, where XTC is not needed, and causes the n ≥ 1 spikes to 
diminish in amplitude and frequency extent so as to become inaudible. (The XTC spectrum is 
more immune from the aforementioned departures, as seen in the top panel, because it is a ratio 
of left to right spectra.)

A similar analysis of the Branch-II part of the IRs is not shown, as the resulting spectra exhibit 
the same behavior as that described above.
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Appendix B



Figure 5.B.1  XTC spectrum of optimal filter for Branch-I bands, χ I
[O](ω), shown in top panel, and the 

associated envelope spectrum, SˆI[O](ω), shown in bottom panel. The small dots represent 
the spectra calculated by taking the Fourier transform of the Branch-I part of the IRs 
derived in Appendix A. (The IRs are shown graphically in the top panel of Figure 5.8.) Only 
the first 20 terms of the infinite series representing the ψ functions were taken, with the 
exception of the series for ψ1 and ψ3, for which the first 2,500 terms were used. The hard 
curve in the top panel is the Branch-I XTC spectrum calculated directly from Equation 
(5.63), and the horizontal line in the bottom panel is the Branch-I envelope spectrum 
S
ˆ
I
[O](ω), with Γ = 7 dB. (Other parameters are the same as for Figure 5.2.) Since these 

spectra are valid only in Branch-I bands, all other bands are shaded in grey. (The vertical 
dashed lines represent the frequency bounds of the successive bands, and the branch num-
bers of the first five bands are given in the bottom half of each panel.)




